Two-sample t-test for means

Use case

We have two independent (i.e., disjoint) populations. We want to determine whether there is a statistically significant difference between the means of each
population. We don’t know with certainty the standard deviation of one or both populations,

oy and

09, S0 we estimate them using the sample standard deviations,

s and

$9. We have a sample of size

n; from population 1, and a sample of size

ns from popluation 2. Population 1 yields sample mean

71, and population 2 yields sample mean

Iy.

Preconditions

To apply a two-sample t-test for means, one should verify the following conditions:

1 If

ny +ng < 15, it is critical that the populations are normally distributed.
2. If

ny +ny > 15, one may proceed in the absence of outliers or strong skewness.
3. If

ny +ng > 40, procedures are generally robust.

One can enhance robustness by planning

ny ~ no.

Hypotheses

Null hypothesis,
Ho:
1 — po = 0 (i.e., there is no difference between the two populations.)

Alternative hypothesis,
Ha:
w1 — pa # / >/ <0 (i.e., there is a difference between the two populations.)

Test statistic

p-value

Where T is distributed according to the
t(min(ny — 1, ny — 1)) distribution (conservative approach),

1. For
Hea:pp — po <0:
p=PT<t)



2. For

Hy:pg — po > 0:
p=P(T>t)

3. For
Ho:py—pp #0:

p=2P(T <—|t])

Conservative approach

By choosing the smaller of
n; and

ny as the basis for our degrees of freedom, we take a conservative approach. As a result, our p-values are slightly larger than the true p-value.

p-value (Python)

1. For
Ho:pg—pe <0:p = stats.t.cdf(t, df=min(nl-1,n2-1))
2. For
Hy:py—pe>0:p = 1 - stats.t.cdf(t, df=min(nl-1,n2-1))
3. For
Hy:py—p2#0:p = 2 * stats.t.cdf(-abs(t), df=min(nl-1,n2-1))

Associated confidence interval

82 82

i 2

C% confidence interval = (z; — Zo) t*, | — + —
ny »)

choose t* s.t. area on t(min(n; — 1, ny — 1)) distribution from (—t*,¢t*) = C

Because we employ a conservative approach, this confidence interval will be slightly wider than the true confidence interval.

Related tests

If you want to perform inference on the mean of a single population, a one-sample t-test for means is more appropriate.

If you have access to both of the population standard deviation values, a two-sample z-test for means is more appropriate.

Considerations

A two-sample t-test conducted at confidence level
a will reject the null hypothesis if and only if the value corresponding to the null hypothesis,
0, is completely outside of the

C' =1 — a t-confidence interval for the true difference between means.
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